Abstract. In this note we present a critical review of the some of the positive features as well as some of the shortcomings of the generalized sensitivity functions (GSF) of Thomaseth-Cobelli in comparison to traditional sensitivity functions (TSF). We do this from a computational perspective of ordinary least squares estimation or inverse problems using two illustrative examples: the VerhulstPearl logistic growth model and a recently developed agricultural production network model. Because GSF provide information on the relevance of data measurements for the identification of certain parameters in a typical parameter estimation problems, we argue that they provide the basis for new tools for investigators in design of inverse problem studies.
Introduction
The interdisciplinary character of scientific research today leads to many instances in science, engineering and finance where mathematical models based on systems where either algebraic or differential equations (or both in hybrid models) are often used. In recent years, because of an increasing need to better describe social, physical or biological reality, and because of a tremendous improvement in computing technology, the models employed by scientists have became more complex and more sophisticated, wherein the number of variables and parameters being utilized have increased considerably. This naturally has motivated new questions of determining the relative importance of parameters, the effect on the model output of variation in parameters, the uncertainty in the model results due to the uncertainty of parameters, etc. Answers are not obvious for large, complex models and the associated problems provide significant new challenges for inverse problem research scientists. While the traditional literature on inverse problems has provided a wide range of useful theories and results on topics from well-posedness and regularity techniques to computational methodologies (e.g., see [23] and the extensive references therein), we focus here on concepts related to sensitivity which we believe can aid in experimental design to obtain data. These will enhance practical aspects of parameter estimation as well as motivate new questions in basic research. We do this in the context of several examples in which we introduce and illustrate ideas.
Sensitivity analysis is an ensemble of techniques [24] that can provide some answers to questions for a given problem of interest, yielding a much better understanding of the underlying mathematical model with a resulting marked improvement in the results obtained using the models. Traditionally, sensitivity analysis referred to a procedure used in simulation studies (direct problems) where one needed to evaluate the effects of parameter variations on the time course of model outputs and to identify the parameters or the initial conditions to which the model is most/least sensitive. In recent years however, due to an increasing interest in incorporating uncertainty into models and in ascertaining the sensitivity of parameter estimates with respect to data measurements, the uses of sensitivity have broadened significantly [7, 26] . In one direction, sensitivity of systems with probability measures embedded in the dynamics (problems involving aggregate dynamics) have become important in applications in biology, electromagnetics, and hysteretic and polymeric materials (see [7, 8] and the references therein). On the other hand, investigators' attention has also recently turned to the sensitivity of the solutions to inverse problems with respect to data, in a quest for optimal selection of data measurements in experimental design. In this paper we focus on this latter direction.
As part of model validation and verification, one typically needs to estimate model parameters from data measurements, and a related question of paramount interest is related to sampling; specifically, at which time points the measurements are most informative in the estimation of a given parameter. Due to the fact that in practice the components of the parameter estimates are often correlated, traditional sensitivity functions (TSF) used alone are not efficient in answering this question because TSF do not take into account how model output variations affect parameter estimates in inverse problems. In an effort to overcome this shortcoming, Thomaseth and Cobelli [26] recently introduced a new class of sensitivity functions, called generalized sensitivity functions (GSF), which provide information on the relevance of measurements of output variables of a system for the identification of specific parameters. For a given set of time observations, Thomaseth and Cobelli use theoretical information criteria (the Fisher information matrix) to establish a relationship between the monotonicity of the GSF curves with respect to the model parameters and the information content of these observations. In this paper we present discussions on how to use this information content tool along with TSF to improve the parameter estimates in inverse problems and therefore to further validate the utility of these new functions in such problems. It is, of course, intuitive that sampling more data points from the region indicated by the GSF to be the "most informative" with respect to a given parameter would result in more information about that parameter, and therefore provide more accurate estimates for it.
We present a critical review of the positive features as well as shortcomings of the GSF, from the perspective of parameter estimation problems via several examples. We first illustrate ideas with the classic and well-known logistic growth model of VerhulstPearl. This is followed by discussion involving a recently developed model which we shall refer to as an agricultural production network model. Our paper is organized as follows. In Section 2 we introduce the necessary theoretical framework for our analysis and we define the traditional (TSF) and the generalized (GSF) sensitivity functions. In Sections 3 and 4 we introduce the Verhulst-Pearl logistic growth population model and the agricultural production network model, respectively, and we discuss numerical simulations carried out to investigate the effectiveness of the information content provided by the GSF to improve the accuracy of the parameter estimates from the perspective of ordinary least square problems with noisy data. Finally, in Section 5 we present our conclusions and remarks and indicate directions for future work.
Theoretical framework
We consider a parameter estimation problem for the general nonlinear dynamical systemẋ (t) = g(t, x(t), θ),
with discrete time observations
where x, g ∈ R N , f, ǫ j ∈ R M and θ ∈ R p . The matrix C is an M × N matrix which gives the observation data in terms of the components of the state variable x.
We assume for our model that the observation errors ǫ j are independently identically distributed (i.i.d.), with zero mean. For different observation coordinates f i , i = 1, . . . , M , we have different variances σ 2 i associated with the coordinates of the errors ǫ j , i.e.
We also make the standard statistical assumption that there exists a "true" value parameter θ 0 such that the data set {y j }, which can be interpreted as a realization of the observation process Y = {Y j } at the discrete time points t j , j = 1, . . . , n, has the form in equation (2.2) with θ = θ 0 .
We use an ordinary least squares (OLS) approach to estimate θ 0 , and we seek to find a valueθ n that minimizes the cost functional
Since {y j } is a realization of the random variable set {Y j }, the estimateθ n we obtain by minimizing the cost functional J n is a realization of some random variableΘ n . Therefore, the accuracy of our parameter estimatesθ n ultimately depends on the statistical properties of this random variable, and in order to qualitatively analyze the estimates, we use a standard error approach [16, 19, 20, 25] .
From the asymptotic theory of statistical analysis, one finds that as n → ∞,Θ n ∼ N p (θ 0 , Σ 0 ) is a good approximation, where the covariance matrix Σ 0 is given by
and D j (θ) is the M × p Jacobian matrix of f with respect to θ at t j , i.e.,
These are quite clearly the TSF for observations or measurement outputs with respect to the parameters. The covariance matrix Σ 0 is used in formulating the standard errors for our estimatesθ n ; these are given by
Because θ 0 in (2.4) is unknown, we replace it byθ n when calculating approximations for (2.5). Moreover, the variances σ 2 1 , . . . , σ 2 M are also generally unknown, and in order to use (2.4)-(2.5) in practice, we also use the following approximation
For the case when the observation system is scalar, i.e., M = 1, the M ×M matrix V reduces to a scalar variance σ 2 0 , and the equation (2.5) reduces to the standard formula
with χ(θ) an n × p sensitivity matrix for our model given by
For this scalar observation system, the approximationσ 2 to σ 2 0 in (2.7) is usually [16] taken as
(2.9)
Traditional sensitivity functions
Traditional sensitivity functions (TSF) are classical sensitivity functions used in mathematical modeling to investigate variations in the output of a model resulting from variations in the parameters and the initial conditions. In order to quantify the variation in the state variable x(t) with respect to changes in the parameter θ and the initial condition x(t 0 ), we are naturally led to consider (traditional) sensitivity functions (TSF) defined by the derivatives
and
where x 0l is the l-th component of the initial condition x 0 . If the function g is sufficiently regular, the solution x is differentiable with respect to θ k and x 0l , and therefore the sensitivity functions s θ k and r x 0l are well defined.
Often in practice, the model under investigation is simple enough to allow us to combine the sensitivity functions (2.10) and (2.11), as is the case with the logistic growth population example discussed below. However, when one deals with a more complex model, as with the agricultural production network example, it is often preferable to consider these sensitivity functions separately for clarity purposes.
Because they are defined by partial derivatives which have a local character, the sensitivity functions are also local in nature. Thus sensitivity and insensitivity (s θ k = ∂x/∂θ k very close to zero) depend on the time interval, the state values x, and the values of θ for which they are considered. Thus for example in a certain time subinterval we might find s θ k small so that the state variable x is insensitive to the parameter θ k on that particular interval. The same function s θ k can take large values on a different subinterval, indicating to us that the state variable x is very sensitive to the parameter θ k on the latter interval. From the sensitivity analysis theory for dynamical systems, one finds that s = (s θ 1 , . . . , s θp ) is an N × p vector function that satisfies the ODE systeṁ 12) so that the dependence of s on (t, x(t)) as well as θ is readily apparent. Here we denote by g x = ∂g/∂x and by g θ = ∂g/∂θ the derivatives of g with respect to x and θ, respectively. In a similar manner, the sensitivity functions with respect to the components of the initial condition x 0 define an N × N vector function r = (r x 01 , . . . , r x 0N ), which satisfiesṙ
The equations (2.12) and (2.13) are used in conjunction with equation (2.1) to numerically compute the sensitivities s and r for general cases when the function g is sufficiently complicated to prohibit a closed form solution by direct integration.
Because the parameters may have different units and the state variables may have varying orders of magnitude, sometimes in practice it is more convenient to work with the normalized version of the TSF, referred to as relative sensitivity functions (RSF). However, since in this paper we are using the standard error approach to analyze the performance of the least squares algorithm in estimating the true parameter values, we will focus solely on the non-scaled sensitivities, i.e., TSF.
Generalized sensitivity functions
Generalized sensitivity functions were proposed by Thomaseth and Cobelli [26] as a new tool in identification studies to analyze the distribution of the information content (with respect to the model parameters) of the output variables of a system for a given set of observations.
For a scalar observation model with discrete time measurements (i.e., when M = 1 and C is a 1 × N array in (2.2)), the generalized sensitivity functions (GSF) are defined
where {t l }, l = 1, . . . , n are the times when the measurements are taken, and
is the corresponding Fisher information matrix. The symbol "•" represents elementby-element vector multiplication and, for motivation and details which led to the definition above, the interested reader may consult [11, 26] . The Fisher information matrix measures the information content of the data corresponding to the model parameters. In (2.14) we see that this information is transferred to the GSF, making them appropriate tools to indicate the relevance of the measurements in parameter estimation problems.
We note that the generalized sensitivity functions (2.14) are vector-valued functions with the same dimension as θ. The k-th component gs k of the vector function gs represents the generalized sensitivity function with respect to θ k . The GSF in (2.14) are defined only at the discrete time points {t j , j = 1, . . . , n} and they are cumulative functions involving at time t l only the contributions of those measurements up to and including t l ; thus gs k calculates the influence of measurements up to t l on the parameter estimate for θ k .
It is readily seen from the definition that all the components of gs are one at the final time point t n , i.e., gs(t n ) = 1. If one defines gs(t) = 0 for t < t 1 (naturally, gs is zero when no measurements are collected), then each component of gs varies between 0 and 1. As developed in [26] , the time subinterval during which the change in gs k has the sharpest increase corresponds to the observations which provide the most information in the estimation of θ k . That is, regions of sharp increases in gs k indicate a high concentration of information in the data about θ k .
The numerical implementation of the generalized sensitivity functions (2.14) is straightforward, since the gradient of f with respect to θ (or x 0 ) is simply the Jacobian of x with respect to θ (or x 0 ) multiplied by the observation operator C. These Jacobian matrices can be obtained by numerically solving the sensitivity ODE system (2.12) or (2.13) coupled with the system (2.1). We will use this approach to compute the GSF for the agricultural production model. For the other example, the logistic model, the right side of equation (2.1) is sufficiently simple to permit a closed form solution.
The Verhulst-Pearl population model
We begin by considering the Verhulst-Pearl logistic growth equation [22] , which approximates the evolution of a population size over time and is given by
Figure 1. Distinct regions of growth in the Verhulst-Pearl solution curve
The constants K and r represent the carrying capacity and the intrinsic growth rate respectively. The solution x(t) of (3.1), representing the population number at time t, is given by
2)
is the initial population size. The solution x(t) approaches an asymptote at x = K as t → ∞; this is depicted in Figure 1 . The Verhulst-Pearl logistic equation is a relatively simple example with easily studied dynamics that is useful in demonstrating the utility of the traditional sensitivity functions as well as the generalized sensitivity functions in inverse problems (see [9] for more discussions on TSF for this system). Unless data is sampled from regions with changing dynamics, it is possible that some of the parameters will be difficult to estimate. Moreover, the parameters that are obtainable may have high standard errors as a result of introducing redundancy in the sampling region. In order to demonstrate this for the logistic growth problem, we will examine varying behavior in the model depending on the region from which t j is sampled. We consider points τ 1 and τ 2 , as depicted in Figure 1 , partitioning the curve into three distinct regions: 0 < t j < τ 1 , τ 1 < t j < τ 2 , and τ 2 < t j < T , with T sufficiently large for our solution to be near its asymptote x = K. Based on the changing dynamics of the curve in Figure 1 , we expect differences in the ability to estimate parameters depending on the region in which the solution is observed.
To illustrate these ideas, we carried out estimation procedures for the parameters θ = (K, r, x 0 ) in the logistic growth population model using ordinary least square procedures with both numerically generated (no-noise) and noisy simulated "data". We produced data sets {y j } n j=1 by evaluating the numerical solution of (3.1) with the "true" value parameters θ 0 at t j and then adding random noise in some cases. With a small dimension parameter space as in this example, a Nelder-Mead optimization algorithm is sufficient for the inverse problem. We hence use the MATLAB function f minsearch to minimize the cost functional
with respect to θ and using an initial guess θ 0 for the optimization algorithm. In order to avoid what is typically called an inverse crime, we evaluate f in the cost function using the ODE solver ode15s with (3.1), which returns the numerical approximation to the solution f (t, θ) = x(t; K, r, x 0 ), rather than using the analytical solution (3.2) . This, in effect, produces "noisy data" even when no additional noise is added. In this note we illustrate ideas with a specific example, taking θ 0 = (K, r, x 0 ) = (17.5, 0.7, 0.1); the corresponding solution curve x(t) can be seen in Figure 2a .
Traditional sensitivities
We consider an ordinary least squares problem for the estimation of the parameters θ = (K, r, x 0 ) in the logistic growth model (3.1), using the explicit solution given by (3.2) and then examining the sensitivities with respect to the parameters K, r, and x 0 . We can readily compute the partial derivatives We analyze the TSF corresponding to each parameter in the initial region of the curve, where the solution approaches x 0 . When we consider the initial region of the curve, where 0 < t j < τ 1 for j = 1, . . . , n, we have
this follows from considering the limits of the sensitivity functions (3.4) as t → 0. Based on the above analytical findings, which indicate low sensitivities with respect to K and r, we expect to have little ability to determine these parameters when we sample data from [0, τ 1 ]; however we should be able to estimate x 0 . We next consider the region of the curve which is near the asymptote at x = K, in this case for τ 2 < t j < T , j = 1, . . . , n. Here we find that by considering the limits as t → ∞, we have the approximations
Based on these approximations, we expect to be able to estimate K well when we sample data from [τ 2 , T ]. However, using data only from this region, we do not expect to be able to estimate x 0 or r. Finally, we consider the part of the solution curve where τ 1 < t j < τ 2 for j = 1, . . . , n and where it has nontrivially changing dynamics. We note that the partial 
is included in the sampling region we expect to recover good estimates for all three parameters.
Our analytical observations are fully consistent with information contained in the graphs of the TSF illustrated in Figure 2b for T = 25. We note that the curve s K slowly increases with time and it appears that the solution is insensitive to K until around the flex point of the logistic curve, which occurs shortly after t = 7 in this case. The sensitivities s K and s r both are close to zero when t is near the origin, and hence we deduce that both K and r will be difficult or impossible to obtain using data in that region. Also, we observe that s x 0 and s r are nearly zero in [15, 25] , which suggests that we will be unable to estimate x 0 or r using observations in that region.
In order to computationally illustrate how the traditional sensitivity theory applies to our logistic growth example, we present here a summary of findings obtained using numerically (no-noise added) simulated data generated with ode15s. We also restricted the time domain from which we sampled data points to one of the three regions of inter-
] for each inverse problem calculation. Then we determined the standard errors of each parameter set in order to analyze the success of the algorithm at approximating the various components of θ. (Other computations with varying levels of added noise in the "data" are presented in [9] where findings are similar to those reported here.)
We first sampled data from the region where the solution curve is close to x 0 , and for this example we considered the region [0, 1]. We used several initial guesses in our MATLAB solver, and expected with each guess that we would be able to achieve an appropriate estimate for x 0 , but perhaps not for r or K. In actuality we were able to obtain close estimates for both r and x 0 , as reported in Table 1 .
Upon further examination we found that r and x 0 are highly correlated when 0 ≤ t ≤ 1, which is evident by the magnitude of their correlation coefficients, given in Table 2 . By studying each iteration of the MATLAB solver, we observed that a good estimate for x 0 was easily obtained, and then, due to the high correlation between r θ 0θ
Standard Errors
Values obtained using data in 0 Table 2 . Correlation coefficients for parameters and x 0 , r was eventually obtained each time. However, true to our predictions, K was never reasonably estimated using data from this region.
Recall that correlation coefficients range from −1 to 1, where higher magnitudes indicate stronger correlation between the corresponding parameters.
The correlation coefficients displayed in Table 2 were computed using the standard definition
where X and Y are two random variables with mean µ X and µ Y and variances σ 2 X and σ 2 Y . The parameter estimatesθ n can be interpreted as realizations of a random variableΘ n , with distribution which, from the asymptotic theory of statistical analysis for the least square algorithm, can be approximated by a normal distribution as n → ∞, i.e., for n large,
is a good approximation. The correlation coefficients between two components of θ are thus given by
Using the definition of the covariance matrix, we have that cov(θ k , θ l ) is simply the (k, l)-th element of σ 2 0 (χ T χ) −1 and the standard deviations σ θ k and σ θ l are the square roots of the (k, k)-th and (l, l)-th diagonal entries. This was used to compute the approximate correlation coefficients of Table 2 .
The logistic model above was considered and analyzed in [9] using traditional sensitivity functions. However the model was formulated with a different parameterization: instead of θ = (K, r, x 0 ), the parameter set was given by β = (a, b, x 0 ) = (r, r/K, x 0 ). Studying the TSF curves with this other parameterization, we found there was no difficulty in predicting the regions in which the state was sensitive to each parameter with no consideration given to the correlation coefficients. With a new parameterization, θ = (K, r, x 0 ), the correlation between the coefficients reveals direct information on our ability to predict the identifiability for each parameter. Comparing these findings with those of [9] , we see that the parameterization of the model is critical in sensitivity studies.
We next considered the region where the dynamics of the curve are changing, and for our example this region is the interval [1, 15] . As expected, regardless of the initial guess that is used in the solver, we can generally obtain reasonable estimates for K, r and x 0 ; this can be seen in Table 1 .
Finally we sampled data from the region where the curve approaches an asymptote at K, and for this example we considered the region [15, 25] . We used several initial guesses in our MATLAB solver, and expected that with each guess we would be able to achieve an appropriate estimate for K, but not for r or x 0 . This is precisely what occurred with every initial guess.
We see that the TSF, used in conjunction with the correlation coefficients, provided sufficient information in these examples to predict which parameters could be determined using data from different regions. Similar results obtained using noise-added data with the logistic model, along with some pitfalls of the TSF, can be found in [9] .
Generalized sensitivities
We next illustrate the utility of the generalized sensitivity functions by applying the theory to the logistic growth model (3.1). We start by numerically computing the GSF using equation (2.14) with σ = 1 and the true value parameters θ 0 = (17.5, 0.7, 0.1). The plots of these functions are shown in Figure 3b where one can observe obvious regions of steep increase in each curve.
For the curves gs x 0 (t), gs r (t) and gs K (t), we find by visual inspection that these regions are approximately [4.5, 7.5], [7, 11] and [12, 25] , respectively. By the aforementioned generalized sensitivity theory, if we increase the number of data points sampled in one of these regions, the estimation of the corresponding parameter is expected to improve. In order to implement the GSF for the logistic growth example, we introduced noise into the simulated data by adding Gaussian noise ǫ j ∼N (0, σ 2 0 ) for j = 1, . . . , n. To obtain the results in Tables 3, 4 , and 5, we used a randomly generated noisy data set with σ 0 = 0.5.
We initially sampled n data points uniformly over the entire region [0, 25], and then we sampled an additional m points from varying parts of the entire region, comparing the standard errors of each trial.
Each parameter in θ has a specific interval of steepest increase according to the corresponding GSF, and the m additional points are sampled according to those regions. In each of Tables 3, 4 , and 5, we consider three separate time grids:
• t GSF consists of n uniform time points over [0, 25] with m points added in the area of steepest increase according to the GSF for each parameter, For example, in Table 3 , the t GSF column refers to the standard errors generated by optimizing θ over n uniformly distributed data points in [0, 25] with m additional data points sampled from the steepest increase interval corresponding to K: [12, 25] . The standard errors in the t nonGSF column refer to the same n initial data points, with the additional m points sampled from outside the GSF suggested region for K.
In general, values of standard errors are meaningful only relative to the estimated values of the corresponding parameters. Thus, one should report both the estimated parameter values and the corresponding SE. However, here and in Section 4, we report only the changes in SE as data sets are changed. This is because our primary focus is on these changes in SE and because the corresponding OLS estimates are near (same order magnitude) the true values θ 0 ; hence it suffices to simply report only θ 0 and the changes in SE. [12, 25] , as it is the period of steepest increase for the parameter K Note that since θ = (K, r, x 0 ), the standard error for K is indicated as the first entry in each of the ordered sets in each table, i.e., SE K = SE θ 1 , and Table 3 refers to the steepest region of increase in the GSF corresponding to K. Similarly Tables 4 and 5 use the GSF regions corresponding to r and x 0 , respectively, and so SE θ 2 and then SE θ 3 are the entries of interest.
We would have expected that for each parameter, the corresponding standard error in the t GSF column would generally improve as m increased. In actuality, the corresponding standard errors generally improved when m additional points were sampled in all three grids for each parameter. However, we get better results with the t GSF grid than with the t uniform grid, and the t nonGSF grid was the worst of the three. Hence we see n m Table 4 . This table shows standard errors corresponding to the addition of m extra points in or excluding [7, 11] , as it is the period of steepest increase for the parameter r that by catering to the GSF-recommended regions, we are able to obtain better standard errors for the corresponding parameters than if we had merely increased the number of points sampled over the entire region.
"Forced-to-one" artifact
We first note that the shape of the TSF curves remains the same regardless of the amount of data that is sampled, whereas the GSF curves are data dependent and change shape with varying amounts of data. We can see in Figure 4 that when we restrict the data set for the logistic growth model to If an insufficient amount of data is used for parameter estimations, the GSF curves can be misleading because by definition the GSF are forced to be equal to one by the end of the data set. This so-called "forced-to-one" artifact can cause misleading regions of steep increase in the GSF curves as can be seen in the curve gs K when t ∈ [1.7, 2] in Figure 5a . Observe that in Figure 4 we can see that the state is clearly not sensitive to the K parameter in region [0, 2], and hence sampling additional data points in the period of misleading increase would merely make estimates worse, with an increase in standard error. We can also see another example of this in Figure 6 where we compare the GSF curves generated from data sampled from [0, 0.2] to the curves generated when data is sampled from [0, 25]. In Figure 6b it is clear that there is no significant period of increase for either K or r, however in (a) it appears that the corresponding GSF curves both have distinct regions of (again in this case misleading) increase. Therefore, it is important to note that while the GSF curves can be misleading when a limited portion of data is obtainable, the TSF curves can still be used appropriately in such sensitivity studies.
It is also important to remark on the Fisher information matrix which appears in the definition of generalized sensitivity functions (2.14). The information on the parameters provided by the measurement y i is quantified by the derivative of an information index with respect to θ i . When we try to estimate the parameters r and x 0 with data from the interval [15, 25] alone (see Table 1 ), we obtain large errors which increase in mag- nitude when the number of sample points increases. Although initially unexpected, this phenomenon can be explained based on the GSF discussion presented above. When we sample additional data points from the region where the traditional sensitivity curves are flat and the generalized sensitivity functions exhibit the "forced-to-one" artifact, we actually introduce redundancy in the sensitivity matrix. This considerably increases the condition number of the Fisher information matrix, which in turn, by the CrammerRao inequality, causes the variance of the unbiased estimator to be very large, making our estimates less useful. Although there is improvement when the GSF-recommended regions are considered, the amount of additional points sampled to garner the improved standard errors needs to be taken into consideration. Depending on the problem, the cost may be too high to sample additional data points for the slightly improved results. However, in other cases the additional sampling may be worth the improvement. While a useful tool, the GSF may not be an efficient choice in some parameter improvement attempts.
An agricultural production model
We continue our investigations on the relevance of the generalized sensitivity functions to parameter estimations problems, in this case with a more complex example of an agricultural production network model formulated in terms of the nonlinear dynamical systemċ
together with the initial conditions
The system (4.1) is the deterministic limit for large populations (in a sense made precise in [2] ) of a continuous time discrete state Markov Chain proposed in [2] to model the flow and the impact of eventual disturbances in a swine production network. For simplicity, the modeled network is assumed to consist of four levels of production nodes: Growers (N 1 ), Nurseries (N 2 ), Finishers (N 3 ), and Processing Plants (N 4 ), and each node represents an aggregation of all the production units corresponding to that level in the production process. Although unrealistic, it is assumed that there are no losses in the first three nodes of the production network and the only deaths occur at the processing plants. Another important assumption is that the network is closed, i.e., there is a direct flow from node N 4 to node N 1 , instantly replenishing the network and keeping the total population size constant in time. We note that this assumption is realistic when the network is efficient and operates at or near full capacity (i.e., when the number of animals removed from the chain are immediately replaced by new production/growth, avoiding significant idle times).
The state variables c i (t), i = 1, . . . , 4, represent the swine population size (roughly speaking, an ensemble average in the sense of the Markov Chain model of [2] ) at the nodes N i at time t. The parameters κ i , i = 1, . . . , 4, in (4.1) represent the transition rates between consecutive nodes and l i , i = 2, 3, 4, represent the maximum capacitates at the nodes N i . There is no capacity constraint at node N 1 , but there is a maximum slaughtering capacity at node N 4 (processing plants) which we denote by s m . For any real z, the symbol (z) + is defined as the positive part of z, i.e., (z) + = max(z, 0). The numerical values of all the parameters which we used in our analysis presented here are listed in Table 6 . For more details about the model (4.1) and its derivation, the interested reader may consult [2] . Table 6 . Aggregated agricultural network model: Parameters for deterministic simulations (numbers of pigs are in thousands) Table 6 We considered a series of least square problems using simulated noisy data in order to probe the utility of the GSF pertaining to estimation problems. Since we have three categories of parameters in our model (transition rates, capacities and initial conditions of the network) we tried to estimate the parameters in each category when all the others remain fixed. The simulated data was generated by first numerically solving the system (4.1) with parameter and initial condition values given in Table 6 (we will refer to these values as the true parameter values in these discussions), and then adding Gaussian noise of zero mean and standard deviation 0.1 to the solution obtained at each observation point.
We begin with the problem of estimating the transition rates κ 1 , κ 2 , κ 3 and κ 4 when the l and c 0k parameters are fixed at the values given in Table 6 . For the true parameter values θ 0 =κ = (2.88, 1.09, 1.51, 1), we plot the generalized sensitivity functions (2.14) and the traditional sensitivity functions in Figure 7 . In both of these plots, one can observe a distinct time point near t = 30, where the dynamics of both the GSF and TSF curves change. Between 0 and this point, the TSF plots exhibit a sharp monotonic increase, and then they reach a steady state very quickly. On the contrary, the GSF curves increase/decrease steeply before reaching this time point, and then are forced to one. According to the GSF theory, the approximate interval [0, 30] is the region in which measurements are the most informative for estimating the true parametersκ. This means that by sampling additional data points here, we expect to obtain more information aboutκ, resulting in more accurate estimates for these parameters.
By comparing the GSF plots, we also observe that strong correlations exist between κ 1 , κ 2 , κ 3 and κ 4 . The correlation coefficients between these parameters, given in Table 7 , reflect the dynamics of the curves shown in Figure 7 , and also support our intuitive reasoning about flows in closed networks functioning at capacity. For such networks, the transition rates from one state to the other are obviously highly correlated.
In order to illustrate the above theory, we again used ordinary least squares inverse problems with numerous sets of data. We performed the least square minimization Table 8 , we see that there is little improvement in the standard errors when we successively solve the least square problem with a fixed number of 10 data points in the interval [0, 30] and 43, 86 and respectively 172 data points in [40, 210] . Also, when we attempt to estimate the parameters using only data (data sets KDS 9 and KDS 10 ) sampled from the region [40, 210], the resulting standard errors are large (the parameter estimates were also quite bad for all of the KDS 9 and KDS 10 type data sets), increasing in magnitude as the number of sampled points increases. As in the case of the logistic growth model above, this is not surprising if one recalls the investigations in [9] . It is an expected consequence of introducing redundancy in the sensitivity matrix, which in turn makes the Fisher information matrix ill-posed, yielding huge standard errors.
We also performed a similar analysis for the estimation of the nodal capacities l i and of the initial conditions c 0k from data with Gaussian noise added as described above. In Figures 8 and 9 we depict the generalized and traditional sensitivity functions with respect to l 2 , l 3 , l 4 and c 01 , c 02 , c 03 and c 04 , respectively. In both cases, one can distinguish a small time interval, at the beginning of the time axis, where the traditional sensitivity functions exhibit sharp increases/decreases before reaching the steady state. The same time interval also gives the region where the generalized sensitivity functions with respect to c 0k exhibit sharp increases/decreases before following the "forced-toone" artifact.
Based on the theory, we can anticipate that for the estimation of the initial conditions c 0k , the data sampled from this initial time interval is the most informative. Numerical calculations presented in Table 9 Table 9 . Typical standard errors for the initial conditions c 0k with a series of different types of data sets of c 0k (see CDS 9 and CDS 10 ), we obtain very large standard errors (as well as unacceptable parameter estimates) compared to the previous ones. As established in [2] , s m is the parameter to which the system (4.1) is the least sensitive overall. In fact for the particular values used for simulations (s m = 0.1039, l 2 = 0.2387, l 3 = 0.6498, l 4 = 0.0567) the output of the system (4.1) does not depend on s m at all (see the traditional sensitivity functions from Figure 8 ). From the particular form of our system and by practical insight, this can be explained intuitively by the fact that when the capacity s m of the first node is too high, the flow c 4 (which replenishes the network) will never reach it, making this capacity constraint inactive for our dynamical system. The consequence is that for the given data, the entries corresponding to s m Figure 8 we present the generalized sensitivity functions only with respect to l 2 , l 3 and l 4 . Unlike the generalized sensitivity functions for κ and c 0k which present an initial region with sharp increases/decreases followed by a region where they exhibit a "forced-to-one" artifact, the GSF for l 2 , l 3 and l 4 show a steady increase from zero to one throughout their time courses. We anticipate therefore that for the estimation of the capacities l, the information is more uniformly distributed in the interval [0, 210]. Numerical results presented in Table 10 , where higher number of data points result in lower standard errors, confirm these expectations. We conclude this section with the observation that the analysis and the numerical simulations reported here illustrate the utility of the GSF in investigations of reasonably complex estimation problems. However, as in the case of the logistic growth model, we emphasize that one should use care when making inferences from the regions of monotonicity for these functions. In addition to the regions of genuine information content, the GSF often indicate regions of steep increase (the interval [40, 210] in Figure 7 and the interval [34, 210] in Figure 9 ) which are due simply to the "forced-to-one" artifact inherent in the GSF as defined in [26] .
Conclusions
From the analysis presented in this paper and in [11, 26] , it is clear that generalized sensitivity functions are useful tools in inverse problem investigations. The primary positive feature of generalized sensitivity functions is their ability to suggest regions of high information content where, if additional observations are taken, one can generally expect to improve specific parameter estimates. This is supported by our numerical findings for the logistic growth model and a recently developed agricultural production network model, and further supports the initial computational findings with examples in [26] . Moreover, by visually investigating the dynamics of TSF and GSF curves, we can potentially identify subsets of parameters which are highly correlated. Although the GSF theory alone can be of use in formulation of parameter estimation problems, the most insight can be gained when the GSF are used in conjunction with traditional sensitivity functions. This will ensure maximum understanding of parameter sensitivity and can be of great value in improving data acquisition design.
